
Vol.:(0123456789)

Biomechanics and Modeling in Mechanobiology 
https://doi.org/10.1007/s10237-024-01919-2

ORIGINAL PAPER

Hyperelastic constitutive modeling of healthy and enzymatically 
mediated degraded articular cartilage

Asif Istiak1 · Saiful Islam1 · Malek Adouni2 · Tanvir R. Faisal1

Received: 3 April 2024 / Accepted: 11 December 2024 
© The Author(s), under exclusive licence to Springer-Verlag GmbH Germany, part of Springer Nature 2025

Abstract
This research demonstrates a systematic curve fitting approach for acquiring parametric values of hyperelastic constitutive 
models for both healthy and enzymatically mediated degenerated cartilage to facilitate finite element modeling of cartilage. 
Several widely used phenomenological hyperelastic constitutive models were tested to adequately capture the changes in 
cartilage mechanics that vary with the differential/unequal abundance of matrix metalloproteinases (MMPs). Trauma and 
physiological conditions result in an increased production of collagenases (MMP-1) and gelatinases (MMP-9), which impacts 
the load-bearing ability of cartilage by significantly deteriorating its extracellular matrix (ECM). The material parameters 
in the constitutive equation of each hyperelastic model are significant for developing a comprehensive computational inter-
pretation of MMP mediated degenerated cartilage. Stress–strain responses obtained from indentation test were fitted with 
selected Ogden, polynomial, reduced polynomial, and van der Waals hyperelastic constitutive models by optimizing their 
adjustable parameters (material constants). The goodness of fit of the 2nd order reduced polynomial and van der Waals model 
exhibited the closest data fitting with the experimental stress–strain distributions of healthy and degraded articular cartilage. 
The coefficient of the shear modulus for the 2nd order reduced polynomial decreased gradually by 21.9% to 80.1% with 
more enzymatic degradation of collagen fibril due to the relative abundance of MMP-1 (collagenases), and 28.5% to 69.2% 
for the van der Waals model. Our findings showed that the major materials coefficients of the models were reduced in the 
degenerated cartilages, and the reduction varied differentially with the relative abundance of MMPs-1 and 9, correlating the 
severity of degeneration. This work advances the understanding of cartilage mechanics and offers insights into the impact 
of biochemical (enzymatic) effects on cartilage degradation.
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1  Introduction

Articular cartilage is a thin layer of soft tissue covering the 
extremities of bones within diarthrodial joints, serving as 
the contact surface for transferring loads between bones 
and enabling smooth joint articulation with minimal fric-
tion (Ateshian et al. 2005). Changes and alterations in the 
soft tissues create complex mechanisms that are yet to be 

fully understood. The degeneration of cartilage due to osteo-
arthritis (OA) alters its extracellular matrix (ECM) com-
prising primarily type II collagen fibrils and proteoglycans 
(PG), leading to changes in its mechanical properties (Mixon 
et al. 2021; Robinson et al. 2016; Setton et al. 1999). Whilst 
aggrecan (PG) loss can be reversed, collagen degradation is 
irreversible, and cartilage cannot be repaired once collagen 
is largely digested (Karsdal et al. 2008). The ECM degrada-
tion is primarily orchestrated by the upregulations of pro-
teases like matrix metalloproteinases (MMPs). Classically, 
MMPs play a dominant role in the breakdown of the ECM 
macromolecules and are collectively capable of degrading 
all ECM components (Grenier et al. 2014). In vitro cartilage 
degradation is commonly mediated by tumor necrosis factor 
α (TNFα), interleukin-6 (IL-6) (Sui et al. 2009), IL-1 (Kar 
et al. 2016a, 2016b), chondroitinase ABC and hyaluronidase 
(Merrild et al. 2022), bacterial collagenase (Grenier et al. 
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2014), Collagenase type VII and trypsin (Saarakkala et al. 
2004; Töyräs et al. 1999; Wang et al. 2008) to stimulate OA, 
but the collective effect of metalloproteinases on the biome-
chanical properties of cartilage tissue has been scarcely or 
not systematically studied.

In the progression of OA, the early and potentially revers-
ible depletion of PG is initiated by aggrecanases such as 
a disintegrin and metalloproteinase with thrombospondin 
motifs (ADAMTSs) as well as MMPs in articular cartilage 
(Galloway et al. 1983; Karsdal et al. 2008). Collagenases, 
MMP-1 and MMP-13, have predominant roles in OA; gener-
ally, the cleavage of collagen type II occurs in the pericel-
lular and superficial sites of the articular cartilage, where 
both MMPs-1 and 13 are localized (Fernandes et al. 1998; 
Moldovan et al. 1997; Xia et al. 2002). Expression of other 
MMPs such as MMPs-2, 9, and 3, is also elevated in arthri-
tis, and these enzymes degrade non-collagen matrix com-
ponents of the joints (Burrage et al. 2006). MMP-1 begins 
the process of collagen degradation, while MMP-9 further 
breaks down the resulting collagen fragments creating a cas-
cade effect that more accurately reflects the intricate process 
of cartilage destruction in OA (Mixon 2021; Mixon et al. 
2021, 2022). Once the collagen triple helix is cleaved by the 
collagenases (MMP-1), the denatured collagens that turns 
into gelatins along with proteoglycan core protein–aggrecan 
are digested by MMP-9 (gelatinases), which is elevated in 
moderate to severe OA patients and contributes to the carti-
lage ECM loss (Smith Jr 2006). Given these considerations, 
this study focused on assessing the mechanics of cartilage 
degradation with a combination of collagenases (MMP-1) 
and gelatinases (MMP-9), which are responsible for break-
ing down collagen fibrils, and thereby compromising the 
bulk mechanical properties of cartilage tissue.

Soft biological tissues such as cartilage, ligaments and 
tendons, polymers, and gels exhibit nonlinear elasticity (Sas-
son et al. 2012; Shearer 2015). Although several nonlinear 
approaches such as hyperelastic (Brown et al. 2009; Henak 
et al. 2014; Robinson et al. 2016), viscoelastic (Ma and 
Arruda 2013; Richard et al. 2013), and poroelastic (Tan et al. 
2023) models have been employed to portray mechanical 
properties of control cartilage, we primarily utilized hyper-
elastic models in this study to capture the effect of enzymatic 
degradation in cartilage. The hyperelastic models are widely 
used in soft tissues that undergo large deformation (Man-
souri and Darijani 2014; Tan et al. 2023) due to their com-
putational efficiency and proven accuracy in predicting the 
transient mechanical behavior during the cartilage loading 
phase. In comparison with viscoelastic and poroelastic mod-
els, hyperelastic models are computationally less expensive, 
because they do not account for time-dependent behavior or 
fluid flow, allowing for faster simulations with fewer param-
eters to solve (Klets et al. 2016; Weizel et al. 2022). Hyper-
elasticity is commonly studied using a phenomenological 

approach when the material’s stress–strain behavior can be 
accurately described by hyperelastic constitutive models. 
Phenomenological models have been formulated based on 
macroscopic experimental observations, aiming to depict 
the elastic behavior of these materials. Hence, in this study, 
we primarily tested different phenomenological models 
such as neo-Hookean (Treloar 1975), Yeoh (Yeoh 1993), 
Ogden (Ogden 1972), Mooney-Rivlin (Mooney 1940; Riv-
lin 1948), polynomial (Rivlin and Saunders 1951), van der 
Waals (Kilian et al. 1986), and reduced polynomial (Lin 
et al. 2023) models. The material parameters of phenom-
enological models can be obtained by fitting the model equa-
tion to the experimental data of a wide variety of materials 
without understanding the material’s microstructural details. 
These material models, characterized by several adjustable 
parameters, are fundamentally derived from a strain energy 
density function (W) that considers energetic path relation-
ships, correlating the strain energy of a material with the 
deformation gradient. The strain energy based phenomeno-
logical approach has been often utilized to characterize bio-
logical tissues and elastomers (Karimi et al. 2017; Previati 
et al. 2017) as it is computationally efficient.

Hyperelastic constitutive modeling is suitable for carti-
lage tissue because the strain energy density function not 
only captures the nonlinear stress–strain relationship but 
also accounts for its incompressible behavior (Henak et al. 
2014). However, there is limitation of comprehensive data 
on the hyperelastic properties of healthy human cartilage 
(Anderson et al. 2008; Henak et al. 2014; Khaniki et al. 
2023; Pierce et al. 2009; Weizel et al. 2022), and only a 
few models exist for determining the material constants of 
degenerated cartilage (Nissinen et al. 2021; Robinson et al. 
2016). Prior research demonstrated a correlation between the 
material constants and tissue composition (Kiviranta et al. 
2006; Rieppo et al. 2003) and OA severity (Armstrong and 
Mow 1982; Kleemann et al. 2005; Saarakkala et al. 2003). 
Although the material constants in hyperelastic cartilage 
models are likely to alter due to OA, the magnitude of these 
changes and whether they can be anticipated based on vari-
ations in tissue structure or the severity of OA are currently 
unknown.

This study focused on the computational simulation 
of healthy and MMP degraded cartilage based on fitting 
incompressible hyperelastic constitutive laws to stress–strain 
experimental data. We hypothesized that the extent of carti-
lage degeneration due to the differential/unequal abundance 
of MMP-1 (collagenases) and MMP-9 (gelatinases) that is 
reflected in cartilage’s mechanical integrity will influence 
the hyperelastic material constants accordingly. Hence, the 
experimental stress–strain responses of healthy and MMPs 
mediated degenerated cartilages were fitted with several 
hyperelastic constitutive models, optimizing the adjust-
able parameters (material constants) for selected Ogden, 
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polynomial, reduced polynomial, and van der Waals mod-
els. Afterward, finite element analysis (FEA) was conducted 
using the calibrated material constants. Therefore, the aims 
of the present study were to 1) determine the hyperelastic 
material constants of healthy and degraded bovine knee car-
tilage using isotropic hyperelastic models, and 2) determine 
correlation, if there is any, between the hyperelastic material 
constants and cartilage degeneration.

2 � Materials and methods

2.1 � Experiment

2.1.1 � Sample preparation

Articular cartilage plugs attached to subchondral bone were 
extracted from the stifle joints of mature cows (between 18 
and 24 months old) sourced from a local slaughterhouse. 
The joints were preserved frozen at −80 °C until sample 
extraction from the medial and lateral femoral condyles 
utilizing a mosaicplasty tabular chisel (Smith & Nephew 
7,209,234) at ambient conditions. A total of 30 articular 
cartilage explants were harvested from 6 knees of 3 cows, 
each with a diameter of 3.5 mm and thickness of 5 mm with 
subchondral bone attached. Throughout the extraction pro-
cess, phosphate-buffered saline (PBS) was used to moisten 
the articular surface, safeguarding the cartilage from drying 
out. Cartilages showing any surface defects or fissures upon 
visible inspection were carefully excluded during the extrac-
tion. The collected samples were preserved at −20 °C envel-
oped in PBS-moistened gauze until required for testing. To 
mitigate the effects of freeze–thaw cycles, all samples under-
went single thaw cycle (Changoor et al. 2010) even though 
prior studies indicated that freeze–thaw cycles had minimal 
impact on the mechanical properties of articular cartilage 
explants (Athanasiou et al. 1994; Szarko et al. 2010).

Before testing, the thickness of each sample, exclud-
ing the subchondral bone, was measured using a needle 
probe at the four corners of the plug with the Mach-1 

v500c micromechanical tester (Biomomentum Inc.). The 
mean thickness of the cartilage was determined to be 
1.30 ± 0. 08 mm (Fig. 1).

2.1.2 � Sample degradation

To simulate in vivo conditions, we prepared a 2% aga-
rose gel using solid agar (Sigma–Aldrich) and TAE buffer 
(Sigma–Aldrich), carefully pipetting it around each sam-
ple until only the top of the articular surface remained 
exposed to the enzyme solution (Mixon et al. 2021, 2022). 
To induce downward degradation from the articular sur-
face, each explant was individually placed in the wells of a 
standard Corning cell culture well plate (Sigma–Aldrich). 
The preparation of MMPs followed a careful protocol to 
ensure optimal enzyme activity. Initially, the vials con-
taining lyophilized MMP powder were gently tapped to 
consolidate the contents at the bottom before opening. 
Following the manufacturer’s (BioVision) guidelines, the 
MMPs were reconstituted in PBS solution to achieve a 
concentration of 0.5 mg/ml and left to stabilize for 30 min. 
During the reconstitution process, the vials were gently 
agitated to facilitate dissolution, avoiding vigorous shak-
ing that could lead to foaming and protein denaturation. 
After preparing the appropriate dilutions, 200 µL aliquots 
were stored at −20 °C for future use in enzymatic deg-
radation experiments. To simulate the natural progres-
sion of cartilage degradation, individual explants were 
placed in separate wells, allowing for controlled exposure 
to the enzyme solution from the articular surface down-
ward. With closed lid, the enzymatically treated samples 
were incubated at 5% CO2 for 44 hrs in a 37 °C incu-
bated environment in the standard well plate. The samples 
were agitated gently every 12 hrs for a good diffusion. 
The digestion solution was rinsed away with PBS solution 
before the testing and soaked into PBS solution during the 
testing. After the incubation, all the samples were tested 
within 2 days, each sample was tested again after 2 hrs of 
the first test to allow recover cartilage’s structural integ-
rity (Korhonen et al. 2002). The agarose gel was allowed 

Fig. 1   a Sample extracted from 
femoral condyles, b Extracted 
cartilage explant with subchon-
dral bone, and c Indentation 
testing of cartilage samples in 
Mach-1 v500c mechanical tester
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to cool and solidify for 30 min; after that, the activated 
human recombinant MMP-1 and MMP-9 (BioVision, Mil-
pitas, CA) were loaded onto the articular top surface at 
varying concentrations. These enzymes were applied to 
each group of sample size 10, as outlined in Table 1. The 
concentration scale of MMPs was chosen based on earlier 
studies concerning the pro-form of enzyme detection in 
synovial fluid from arthritis patients using immunoassays 
(ELISA) (Tchetverikov et al. 2005).

2.1.3 � Indentation testing

Indentation has been a widely used testing method for 
assessing the mechanical properties of soft tissues such 
as articular cartilage (Chen et al. 2004; Korhonen et al. 
2002; Lyyra et al. 1999; Mixon 2021) and was adopted 
in this study to characterize the structural integrity of the 
cartilage. Each cartilage sample was placed in an osteo-
chondral core holder and submerged in a PBS bath to avert 
desiccation of the articular surface after removal from the 
MMP cocktail and agarose. Indentation was conducted 
using a spherical indenter (1 mm dia.) via the Mach-1 
v500c (Biomomentum Inc.) testing apparatus (Bae et al. 
2006, 2007). The spherical indenter was used to reduce 
cartilage damage and apply more centralized compression 
than the pyramid and other sharp indenters. Each sam-
ple was compressed at a strain rate of 0.1%/sec until the 
total strain reached 20%, falling within the elastic limit 
and mimicking a typical physiological loading condition 
(Park et al. 2004). The considered slow strain rate repre-
sents controlled cartilage loading rate that allows stress 
dissipation by fluid flow throughout whole loading time 
(Henak et al. 2014; Kabir et al. 2021). All samples, before 
and after enzymatic treatment, were subjected to inden-
tation tests to compare the changes in their mechanical 
properties. Different factors, such as age (Lotz and Loeser 
2012), sex (Hernandez et al. 2022), and the specific char-
acteristics of the site (Linus et al. 2024) from where the 
cartilages are extracted may contribute to the variations 
in cartilage mechanics. Therefore, to exclude the effect 
of these variabilities in each degradation model, distinct 

control baselines were established for each type of degra-
dation (Mixon et al. 2021, 2022).

2.2 � Hyperelastic materials modeling

The combination of hyperelastic constitutive modeling and 
FEA enables accurate prediction of mechanical proper-
ties in both healthy and degraded cartilage under indenta-
tion loading. FEA serves as a valuable assessment tool for 
investigating the impact of biochemical alterations caused 
by degradative enzymes and biomechanical loading on car-
tilage, allowing researchers to quantify the stress and strain 
experienced by both healthy and compromised tissue during 
loading scenarios. This FE simulation approach is versa-
tile and can be extended to analyze other soft tissues and 
biopolymers with more intricate geometries and complex 
loading conditions.

2.2.1 � Kinematics of finite deformations

To simulate the hyperelastic behavior of cartilage, the prin-
ciples of nonlinear continuum mechanics were applied. This 
theory describes the physical phenomena of the system at a 
continuum level without explicitly taking into account the 
intricate microstructure. The continuum body Bo ∈ ℝ

3 com-
prises continuum points P ∈ Bo and exhibits a continuous 
and homogeneous distribution of matter in both space and 
time. The dimensions of a continuum body are greater than 
those of the microstructures within the body. The kinemat-
ics of finite deformation of the undeformed body Bo ∈ ℝ

3 at 
time t = 0 can be explained through the deformation maps � 
that map the position � in the reference or material configu-
ration Bo at the initial position to its new position � = �(�, t) 
in the deformed, current, or spatial configuration Bt . The 
deformation gradient to map undeformed configurations to 
deformed configurations is defined as F(X, t) = ∇X�(X, t)

(Gasser and Holzapfel 2002). For a uniaxial deformation 
characterized by compression and tension, where the mate-
rial is incompressible and homogeneous, the deformation 
gradient is expressed as follows:

 where �1, �2 , and �3 are the principal stretches along the prin-
cipal direction and � is the axial stretch. �1→3 are the square 
roots of the eigenvalues of the right Cauchy–Green deforma-
tion tensor C defined as C = FTF , whose invariants are I1
, I2 , and I3 such that

F =

⎡
⎢⎢⎣

�1
�2

�3

⎤
⎥⎥⎦
with �1 = � �2,3 = 1

�√
�.

Table 1   Concentration ratios of MMP-1 (collagenases) and MMP-9 
(gelatinases) used to degrade articular cartilage samples

MMP-1 (c) concentration 
(ng/ml)

MMP-9 (g) concentration 
(ng/ml)

c:g ratio

4 4 1:1
2 6 1:3
6 2 3:1
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The cartilage has been assumed to be isotropic and nearly 
incompressible for the purpose of this study such that the 
third invariant I3 equals to one (Moerman et al. 2020; Pel-
liciari and Tarantino 2020; Steck et al. 2019).

2.2.2 � Isotropic hyperelastic material models

Articular cartilage typically undergoes large deformation 
under compressive (Oloyede and Broom 1996) as well 
as tensile loading (Woo et al. 1976). In the context of 
cartilage, we focused on the large-strain and nonlinear 
time-independent material response, often referred to 
as finite hyperelastic response, neglecting viscous and 
porous effects. The constitutive law governing the hyper-
elastic material relates the strain energy density function 
W  and the deformation gradient, F , the invariants I1 , I2 , 
and I3 or the principal stretches �1, �2 , and �3 (Holzapfel 
2002). A stress measure suitable for analyzing experimen-
tal data is nominal stress, calculated as the force divided 
by the undeformed area of the continuum body. This is 
also known as the first Piola–Kirchoff stress tensor and 
is defined as

(1)

I1 = �2
1
+ �2

2
+ �2

3

I2 = �2
1
�2
2
+ �2

2
�2
3
+ �2

3
�2
1

I3 = �1�2�3

(2)P = J F
−1�

where � is the Cauchy stress tensor. The cartilage is 
assumed to exhibit incompressible material behavior such 
as J = det (F) = 1 . The assumption of incompressibility sim-
plifies the model equations without compromising accuracy.

2.2.3 � Hyperelastic material models calibration

In this study, we finally selected four hyperelastic materi-
als models (1st order Ogden, 3rd order polynomial, second 
order reduced polynomial and van der Waals) to represent 
the deformation behavior of healthy and degraded cartilage 
tissues after testing a number of hyperelastic material mod-
els. Other models such as Mooney–Rivlin, neo–Hookean, 
Arruda–Boyce, Yeoh, Ogden (2nd and 3rd order), polyno-
mial (1st and 2nd order), and reduced polynomial (1st and 
3rd order) were initially considered. However, they were 
excluded from further consideration, because they either 
failed to adequately fit the experimental data or displayed 
instability. All the calibrations for the hyperelastic data fit-
ting were conducted using MCalibration 7.0 software (Ver-
yst Engineering, Needham, Massachusetts, USA). During 
the calibration (optimization) process, the objective was to 
minimize the mean square difference (MSD) between the 
experimental stress and the stress obtained via the cali-
brated hyperelastic models (Fig. 2). The calibration process 
involved an extensive search for optimal parameters to mini-
mize the fitness function. Among various definitions of fit-
ness function (Fernández et al. 2018; López-Campos et al. 
2019), we used the mean squared difference, which mini-
mizes the square of the difference between the experimental 

Fig. 2   Workflow of the hyperelastic material model calibration process
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stress data and the stress predicted by the hyperelastic mate-
rial model. In hyperelastic material modeling, the fitness 
function evaluates how accurately the strain energy function 
(with its specific parameters) reproduces the stress–strain 
behavior observed in experiments. A lower value of the fit-
ness function indicates a better fit of the model to the experi-
mental data.

This included an initial random search followed by the 
application of Levenberg–Marquardt and Nelder–Mead 
simplex methods. As an optimization technique, Leven-
berg–Marquardt combines the features of gradient descent 
and Gauss–Newton methods to solve nonlinear least squares 
problems (Gavin 2019; Liggett and Chen 1994). The algo-
rithm iteratively adjusts the model parameters to minimize 
the sum of the squared differences between the predicted and 
observed stress values. For a specific model, material param-
eters are initially identified using genetic algorithms, and 
later the material parameters obtained with this method are 
used as initial guess of the classical Levenberg–Marquardt 
method (Levenberg 1944; Marquardt 1963). If this method 
fails to converge, the mean square method is subsequently 
applied (Marckmann and Verron 2006).

The simplex Nelder–Mead methods is numerical optimi-
zation technique used to find the minimum or maximum of 
functions in multidimensional spaces (Luersen et al. 2004). 
This algorithm works systematically moving and reshap-
ing this simplex to find the optimal set of parameters. This 
method is particularly suitable for this purpose since it mini-
mizes the objective functions during the parameter identifi-
cation of hyperelastic models (Lagarias et al. 1998). These 
optimization methods were used to find the optimal set of 
parameters that best represent the actual material properties 
observed in experiments with the hyperelastic models.

2.3 � Ogden model

The Ogden hyperelastic model, which has been applied to 
different materials including rubber, polymers, and biologi-
cal tissues (Budday et al. 2020; Ogden 1972), is a phenom-
enological model that utilize the strain energy potential (W) 
that is defined by the principal stretches as follows,

 where �i is the deviatoric principal stretches, �i = J
−

1

3 �i , 
�1 , �2 , �3 are the principal stretches; J is the total volume 
ratio, Jel is the elastic volume ratio, N is the order of mate-
rial parameters, and �i , �i , and Di are temperature dependent 
material parameters. In this work, N ≤ 2 was selected for 
biomechanical relevance and modeling suitability for bio-
logical soft tissues (Budday et al. 2017; Lohr et al. 2022).

(3)W =

N∑
i=1

2�
i

�2

i

(
�
�i

1
+ �

�i

2
+ �

�i

3
− 3

)
+

N∑
i=1

1

D
i

(
J
el
− 1

)2i
,

In the application of the 1st order Ogden model, a con-
straint was incorporated such that ui𝛼i||i=1 > 0 . Material 
behavior was presumed incompressible, leading to the exclu-
sion of Di from the optimization process. Consequently, �i 
and �i are the material parameters optimized during the 
curve fitting process. Negligible compressibility, quantified 
as 1e−2 , was allocated to Di during FEA with all the selected 
models.

2.4 � Polynomial model

The polynomial strain energy density function is presented 
as follows:

 where I1 and I2 represent the first and second strain invari-
ants of the Cauchy–Green strain tensor, Cij and Di are the 
material parameters that exhibit temperature-dependence. Jel 
and Di represent the same as in Eq. (3). While the parameter 
N can attain values as high as six, values of N exceeding 
two typically rare when both strain invariants are incorpo-
rated. In this study, we assessed 3rd order polynomial strain 
energy density function and resulted in nine hyperelastic 
parameters. Distinct variations of the polynomial model 
can be generated by setting specific coefficients to zero. 
For instance, when Cij with j ≠ 0 are set to zero, we get the 
reduced polynomial form.

2.5 � Reduced polynomial model

The expression of reduced polynomial model, derived form 
of Eq. (4), is as follows,

A 2nd order reduced polynomial strain energy density 
function was examined in this study, with four hyperelas-
tic parameters. Evidently, this model does not consider 
the second strain invariants. It is generally recommended 
to utilize hyperelastic models that are independent of the 
second invariant when calibration is possible through only 
a single type of experiment (Bidhendi et al. 2020; Kaliske 
and Rothert 1997; Yeoh 1993). Based on the satisfactory 
alignment of this model with our experimental data, this 
hyperelastic model was considered.

2.6 � Van der Waals model

The formula for the van der Waals, also known as the Kilian 
model (Kilian 1981) strain energy equation is,

(4)W =

N∑
i+j=1

Cij

(
Ī1 − 3

)i(
Ī2 − 3

)j
+

N∑
i=l

1

Di

(
Jel − 1

)2i

(5)W =

N∑
i=1

Ci0

(
I1 − 3

)i

+

N∑
i=l

1

Di

(
Jel − 1

)2i
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 where �m is the locking stretch, � is the initial shear modu-
lus, a is the global interaction parameter, and D controls 
compressibility. Here, Ĩ and � could be defined as

and

 where � is the invariant mixture parameter. For � = 0.0 , 
the van der Waals potential will be dependent on the first 
invariant only.

2.6.1 � Goodness of fit

Stress was calculated from the strain energy density func-
tions W of the models considered herein. An objective func-
tion is defined to measure the difference between experimen-
tal stress and the model predictions. The goodness of fit was 
used here to present the error.

The goodness of fit was evaluated by the coefficient of 
determination 

(
R2

)
 as follows.

where SSR is the sum of squares of the residual, SST  repre-
sents the total sum of squares.

 where y is the measured value,⌣y is the fitted function, and 
y is the mean value of the measured data. The coefficient of 
determination 

(
R2

)
 ranges from 0 to 1, where 1 represents 

that the fitted parameters perfectly capture experimental data 
and lower values suggest poorer fit with the experimental 
data.

(6)

W = �

{

−
(

�2m − 3
)

[ln (1 − �) + �] − 2
3
a
(

Ĩ − 3
2

)

3
2
}

+ 1
D

(

J2el − 1
2

− ln Jel

)

,

(7)Ĩ = (1 − �)I1 + �I2

(8)� =

√
Ĩ − 3

�2
m
− 3

,

(9)R2 = 1 −
SSR

SST

(10)SSR =

n∑
i=1

(
yi −

⌣

yi

)2

(11)SST =

n∑
i=1

(
yi − yi

)2

2.7 � Finite element analysis

FE modeling was conducted in Abaqus 6.14 (Dassault Sys-
tèmes) to simulate the experimental indentation tests to cap-
ture the nonlinear stress–strain responses of both healthy and 
degraded cartilages. To accommodate this, we implemented 
the material constants of the hyperelastic models considered 
herein.

2.7.1 � FE modeling of indentation test

To simulate the indentation test, a cylindrical sample of car-
tilage (3 mm in diameter and 1.375 mm in thickness) was 
modeled along with a rigid spherical indenter of 1 mm in 
diameter. The model was meshed with C3D8H element—
Abaqus 3D continuum element with 8-node linear brick, 
hybrid with constant pressure. This element is particularly 
suitable for modeling nearly incompressible materials like 
cartilage (Jaramillo et al. 2015; Suchocki 2017). This hybrid 
element helps prevent volumetric locking in incompress-
ible materials. The discretization in the cartilage sample 
was designed to have a finer mesh of 0.025 mm around the 
sphere while the remaining were coarse mesh of 0.25 mm 
towards the model’s boundaries. (Fig. 3). A mesh conver-
gence was performed to achieve mesh independence on the 
computation of the field variables and the global response 
of the cartilage.

Similar to the experiment, the model’s base was com-
pletely fixed, and frictionless contact was modeled between 
the indenter ball and the articular cartilage surface. Quasi-
static finite element simulations were executed in the 
Abaqus/Standard solver. The model parameters included an 
indentation of 0.275 mm over a 200 sec timeframe, simulat-
ing a physiological strain of 20% at a strain rate of 0.1%/sec. 
The parameters for the hyperelastic models were determined 

Fig. 3   Finite element meshed model of cartilage with rigid ball 
indenter and fixed boundary conditions at the bottom. The indenter 
ball is aligned with the center of the cartilage model
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from the initial curve fitting, as mentioned in Sect. 2.2, and 
incorporated into the hyperelastic constitutive models to 
conduct FEA.

3 � Results

All the specimens, irrespective of healthy or degraded 
groups, were subjected to a bulk strain of 20% in accord-
ance with the physiological strain limit (Bingham et al. 
2008; Carter et al. 2015; Coleman et al. 2013; Patel et al. 
2019; Sutter et al. 2015). Figure 4 shows the experimen-
tal stress–strain plots along with the fitted hyperplastic 
material models for both healthy (Fig. 4a) and degraded 
cartilages (Figs. 4b–d). It is evident that all the hyper-
elastic models fit well within the upper and lower bounds 
of the experiments irrespective of whether the cartilage 
was healthy or degraded. However, in comparison with 
the mean value of the experiments, the 1st order Ogden, 
3rd order polynomial, and 2nd order reduced polynomial 

Fig. 4   Stress–strain plots (mean ± SD) of native (control) a and 
degraded cartilages—c1:g1 b, c1:g3 c and c3:g1 d based on experi-
ments with fitted hyperelastic material models up to a bulk strain of 

20%. The black solid line represents mean engineering stress with 
upper and lower bounds in gray shaded region (±SD) . (c: collagenase, 
g: gelatinase)

Fig. 5   Comparison of coefficient of determination 
(
R
2
)
 (mean ± SD) 

of healthy and three enzyme mediated cases of 1st order Ogden, 3rd 
order polynomial, 2nd order reduced polynomial and van der Waals 
model
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models exhibit a moderate level of deviation, except for 
c1:g3 (Fig. 4c), where the 3rd order polynomial model fit-
ted very well. It is apparent that the van der Waals model 
fits well with the degraded cartilage (Figs. 4b, c). Fig-
ure 5 shows the mean goodness of fit with the hyperelastic 
models of healthy and degraded groups. Evidently, all the 
models fit well to the experimental data, the lowest R2 
value of 96.76% for the 1st order Ogden and the highest R2 
values were achieved by the 2nd order reduced polynomial 
and van der Waals models (99.99%). 

Experimental stress–strain plots of the healthy (con-
trol) and degraded cartilages along with the FE simulated 
stress–strain behavior have been shown in Fig. 6. The reac-
tion force was extracted from the loading reference point 
and then divided by the contact surface area to determine 
the FE stress. It is evident that while the 1st order Ogden 
model fitted considerably well with the cartilages in differ-
ent degraded states (Fig. 4), the corresponding FE simula-
tions (Figs. 6a–d) largely deviate when modeled with the 1st 
order Ogden model and falls even outside the lower bounds 

Fig. 6   Stress–strain plots (mean ± SD) of the native (control) a and 
degraded cartilages—c1:g1 b, c1:g3 c and c3:g1 d based on experi-
ments and FE simulations using the calibrated hyperelastic material 

parameters up to a bulk strain of 20%. The black solid line represents 
mean experimental engineering stress with upper and lower bounds in 
gray shaded region) (±SD) . (c: collagenase, g: gelatinase)

Fig. 7   Comparison of elastic modulus (mean ± SD) between the 
experiments and FE simulations conducted with different hyperelas-
tic material models for healthy (control) and degraded cartilage for 
c1:g1, c1:g3, and c3:g1 treatment groups. (c: collagenase, g: gelati-
nase)
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of the experimental results. Likewise, the 3rd order polyno-
mial based FE simulated stress–strain curve depicts large 
variation from the experimental observation except for the 
cartilage degraded with a c3:g1 concentration ratio (Fig. 6d). 
However, it is apparent that the FE results with the 2nd order 
reduced polynomial and van der Waals models exhibit good 
agreement with our experimental observations, except a 
moderate deviation of the van der Waals model from the 
control, and the 2nd order reduced polynomial from the c3:g1 
degraded cartilages (Fig. 6d).

Figure 7 shows the comparison of Young’s (elastic) mod-
ulus of healthy and degraded cartilages between experiments 
and FEA conducted with the hyperelastic constitutive mod-
els. In both cases, the Young’s modulus was calculated by 
linearly fitting the initial portion of the stress–strain curve up 
to 20% strain with a slow strain-rate without the considera-
tion of instantaneous and equilibrium stages. The differences 
between the experimental and computational mean values 
of Young’s modulus produced by the 1st order Ogden, 3rd 
order polynomial, 2nd order reduced polynomial, and van 
der Waals hyperelastic constitutive models respectively are 

26.69%, 29.89%, 17.79%, 6.41% for the control, 38.07%, 
31.82%, 13.64%, 13.84% for the c1:g1, 19.83%, 22.70%, 
28.45%, 11.78% for the c1:g3, and 28.17%, 14.68%, 16.27%, 
18.25% for the c3:g1, samples, respectively. It is apparent 
that elastic modulus obtained via FEA using van der Waals 
material model parameters exhibit the closest approximation 
for both healthy and degraded states.

Figure 8 delineates the FE-simulated stress contours in 
the cartilage after indentation. With the degradation, the 
mechanical integrity reduces, which is why a trend of higher 
stress is observed in the degraded states compared to their 
control. van der Waals and 2nd order reduced polynomial 
models yielded better-fitted simulated results among the four 
selected models. Therefore, the material parameters for the 
2nd order reduced polynomial and van der Waals models 
were discussed herein; the materials data for the 3rd order 
polynomial and Ogden models are shown in the appendix.

Figure 9 shows the parametric variations between the con-
trol and degraded states. Figure 9a depicts that C10 decreased 
from 3.27 to 2.55 kPa for the c1:g1, 6.06 to 3.88 kPa for 
c1:g3, and 6.54 to 1.30 kPa for c3:g1. It is evident that C10 

Fig. 8   FE simulated contour plots of the engineering stress of healthy 
(control) and cartilages treated with the concentration ratio of c1:g1, 
c1:g3, and c3:g1 using the fitted parameters of the 1st order Ogden a–
d, 3rd order polynomial e–h, 2nd order reduced polynomial i–l and van 

der Waals m–p models at 20% of applied (compressive) bulk strain. 
(c: collagenase, g: gelatinase). All the stress contours were shown in 
the symmetric cross-section on the vertical plane for a clear view of 
depth-wise stress distributions
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decreased significantly in c3:g1 group, which also experi-
mentally exhibited the maximum degradation among the 
others (Mixon et al. 2021, 2022). The effect of degrada-
tion has also been evident in Fig. 9b where C20 value shows 
a maximum of 46.6% reduction in c3:g1 compared with a 
reduction of 22.5% and 12.9% for c1:g1 and c1:g3, respec-
tively. The compressibility parameter D1 was found to be 
nearly zero, while D2 was determined to be exactly zero.

Figure 10 shows the variations of the material parameters 
for the van der Waals model. The initial shear modulus (�) 
at low strain decreased from 5.91 kPa, 10.79 kPa, 12.48 kPa 
to 4.22 kPa, 7.82 kPa, 3.84 kPa, respectively, with higher 
concentrations of collagenase (Fig. 10a), while the locking 
stretch (�) remained almost unchanged in response to enzy-
matic alterations (Fig. 10b). The global interaction param-
eter a in the polymer chain was almost unaffected by c1:g1 
and c3:g1 MMP mixture; however, c1:g3 notably reduced 
the predicted value of this parameter by 5.5% (Fig. 10c). 
Despite observing a rise in � values (changing from −0.67 
to −1.01 for c1:g1, −0.39 to −1.43 for c1:g3, and − 1.21 
to 1.41 for c3g1), a specific sequence pattern could not be 
identified. The compressibility parameter D1 exhibited com-
paratively larger deviation for c1:g3 enzyme concentration.

4 � Discussion

Cartilage stiffness varies significantly with type II collagen 
fibrils packed in the matrix. The fibrils bear the highest ten-
sile stiffness applied on the cartilage, whereas the PG aggre-
gates, occupying the interfibrillar space within the cartilage 
ECM, may serve as a protective barrier for collagen fibrils 
against enzymatic denaturation (Mixon et al. 2021; Smith 
1999). However, both type II collagen and PGs are essen-
tial to OA pathology (Heinegård and Saxne 2011), where 
aggrecan (PG) loss can be reversed, but not the collagen, 
and consequently, cartilage cannot be repaired once colla-
gen is largely digested (Karsdal et al. 2008). Collagenases 
(MMP-1) cleave the collagen triple helix, effectively dena-
turing the type II collagen network that provides the tis-
sue with its compressive stiffness (Burrage et al. 2006). An 
increased amount of collagenase concentration is anticipated 
to enhance fibrillar degradation. Gelatinases (MMP-9) are 
responsible for cleaving the proteoglycan core protein-aggre-
can as well as the fragmented collagen fibrils that turned 
into gelatin; however, increased MMP-9 concentration alone 
has minimal impact on aggrecan degeneration (Mixon et al. 
2022). When collagenase (a potent enzyme) is present 

Fig. 9   Variations of the material parameters (mean ± SD) of the 2nd order reduced polynomial model using a curve fitting approach. (c: colla-
genase, g: gelatinase)
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alongside gelatinase, compressive stiffness of cartilage is 
significantly decreased (Burrage et al. 2006). Collagenase 
denatures type II collagen in the ECM, making it more sus-
ceptible to further digestion by gelatinase (MMP-9). Con-
sequently, the peak stress variation between control and 
treated groups at 20% applied strain is approximately 24% 
for c1:g1, 29% for c1:g3 and ~ 50% for c3:g1. Our previously 
published paper qualitatively assessed the zone-wise col-
lagen and PG degradation by histological scoring based on 
the staining color intensity of safranin O and picrosirius red. 
Additionally, the computed Pearson correlation coefficient 
implied strong relationship between the losses of mechanical 
integrity with the compromised morphological condition of 
enzyme mediated cartilage (Mixon et al. 2021, 2022).

Deformations of soft tissues involve complex mechanisms 
that are not fully understood. Phenomenological models 
have been crafted from macroscopic experimental observa-
tions to delineate the nonlinear elastic behavior of materials. 
In this study, we adopted the phenomenological approach to 
investigate the nonlinear compressive behavior of cartilage 
in healthy and degraded states. We determined the hyper-
elastic material constants of healthy and degraded cartilage 
using both principal stretch-based (Ogden) and invariant-
based (polynomial, reduced polynomial, and van der Waals) 
phenomenological hyperelastic constitutive models and eval-
uated the ability of each model to capture different degraded 

states of cartilages’ stress–strain behavior. Isotropic hyper-
elastic models were previously used to study the mechani-
cal behavior of cartilage at the human hip (Anderson et al. 
2008; Henak et al. 2014), human elbow (Willing et al. 2013), 
human jaw (Koolstra and Van Eijden 2006), porcine knee 
(Butz et al. 2011), and bovine patella (Brown et al. 2009). 
However, the choice of an appropriate hyperelastic model 
relies on various factors, including the associated variables, 
parameter identification, and the alignment with experimen-
tal results. During this study, the models were selected based 
on the regression analysis of the fitted graphs that yielded 
coefficient of determination values between 97% and 99% for 
bulk strains up to 20%. Additionally, models were selected 
considering their mathematical expressions to facilitate the 
easy numerical implementation of the model. In order to 
generate an average predicted graph, every model was simul-
taneously fitted to all data series for each stress–strain case 
derived from the indentation test conducted on both healthy 
and degraded cartilage explants. The current study presents 
data on the material constants of intact and enzymatically 
mediated degenerated bovine femoral cartilage derived from 
the isotropic hyperelastic models. After conducting several 
calibrations for fitting, we determined the parameter values 
to be incorporated into FE models.

In this study, first order Ogden, third order polynomial, 
second order reduced polynomial and van der Waals models 

Fig. 10   Variations of the van der Waals model material parameters (mean ± SD) using a curve fitting approach. (c: collagenase, g: gelatinase)
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were chosen as they demonstrated superior performance in 
fitting the experimental data compared to other phenom-
enological hyperelastic models. Nevertheless, the 1st order 
Ogden and 3rd order polynomial models exhibited signifi-
cant deviations between the FE simulated and experimental 
stress–strain plots, leading us to exclude them from our final 
consideration. The hyperelastic constants of the 2nd order 
reduced polynomial model C10, C20, and D1 and van der 
Waals model (μ, λ, a, β and D1) were significantly higher in 
the control specimens, implying higher cartilage stiffness 
(Figs. 9 and 10). The lower values of the hyperelastic mate-
rial constants for the degraded specimens are most likely a 
consequence of degenerated cartilage associated with the 
relative abundance of MMP-1 (collagenases) and MMP-9 
(gelatinases).

In the second order reduced polynomial model, C10 and 
C20 coefficients are associated with the linear and quadratic 
strain energy density functions, respectively and are depend-
ent on the initial shear modulus and locking stretch. When 
a material softens with moderate strains, C10 represents the 
initial shear modulus and C20 determines the curvature of 
the strain energy density function, which influences both 
the nonlinearity and stiffness of a material. In this study, a 
significant reduction in these two parameters were observed, 
indicating reduced non-linearity and stiffness that align 
with enzyme-induced changes in cartilage. The cartilage is 
incompressible; hence, the compressibility parameters D1 
and D2 exhibited a very low value or zero.

The load-bearing capabilities of healthy and enzyme-
mediated cartilage can be analyzed using the van der Waals 
hyperelastic model, which is rooted in the understanding 
of molecular interactions and the mechanical behavior of 
rubber-like materials (Kilian 1981; Marckmann and Ver-
ron 2006). Similar to the experimental data, the initial shear 
modulus (�) decreased more in the c3:g1 condition since 
more load-bearing collagen fibrils were expected to deterio-
rate by adding a higher concentration of collagenase. Prior 
experiments showed that the load-bearing ability was sig-
nificantly reduced for the cartilage degraded with a c3:g1 
concentration ratio (Mixon et al. 2021, 2022). Due to a 
higher concentration of MMP-1 (collaegenases), the fibrils 
in the superficial zone are digested/degraded more, and 
thereby reduce its mechanical integrity more than the other 
two concentration ratios. The unchanged locking stretch (�) 
inhibits the significant irreversible deformation at a critical 
transitional stretch, which can prevent irreversible changes 
in cartilage after loading. We hypothesized that the global 
interaction parameter (a) denotes the intensity of molecu-
lar interactions with different components in the cartilage 
matrix, which is primarily determined by the biochemical 
composition and structural arrangement of its constituents. 
For example, heightened gelatinase activity for c1:g3 results 
in considerable degradation of PG aggregates and collagens, 

which are essential for preserving the cohesive molecular 
forces within ECM. This decrease aligns with the loss of PG 
aggregates and collagen loss, which are vital for sustaining 
cohesive molecular interactions and structural integrity of 
the ECM. As PG and collagen degradation advances, the 
reduction in mirrors the declining van der Waals interac-
tions and underscores the disrupted equilibrium of molecu-
lar forces in the ECM, ultimately connecting biochemical 
alterations to mechanical degradation. Although the value of 
the curve fitted � is in the range of 0 to 1.0, the curve fitting 
procedure can be used with a user-defined value of � outside 
the stated range. This parameter is related to the repulsive 
force, which is a linear mixture parameter combining the 
invariant I1 and I2 , where I1 is more dominant (Seibert and 
Schoche 2000). D1 represents the volume changes though 
the effect is negligible (Holzapfel 2002).

Phenomenological hyperelastic models, rooted in the 
observations of rubber-like materials undergoing uniform 
deformation, are structured on the principles of principal 
stretch. Evaluating the predictive capacity of these models 
involves comparing their stress–strain or stress-stretch repre-
sentations with traditional experimental findings (Holzapfel 
2002). These models are widely used for modeling biologi-
cal soft tissues (Kang et al. 2022). Invariant-based phe-
nomenological models are often employed to characterize 
rubber-like materials, including isotropic materials (Jiang 
et al. 2022; Melly et al. 2021), focusing on the deformation 
tensors’ principal invariants. However, they cannot explain 
the molecular-level interaction (Miehe et al. 2004). Although 
both the second order reduced polynomial and van der Waals 
models are invariant-based phenomenological models, the 
2nd order reduced polynomial explicitly focuses on the first 
invariant of the deformation tensor. In contrast, the van 
der Waals model uses a nonlinear least-squares procedure 
for fitting, which can better capture the nonlinear behavior 
of hyperelastic materials (ABAQUS 2006), incorporates 
dependency on both invariants, providing enhanced flex-
ibility and robustness in data fitting, uses parameters from 
molecular level interaction origin that allow for a more 
accurate representation of material behavior across differ-
ent deformation (Lin et al. 2023). Therefore, the van der 
Waals model has the capability to present cartilage more 
accurately. The coefficients of the reduced polynomial model 
can control the shape of the strain energy density function, 
but this function may not adequately represent the intricate 
nonlinear behavior exhibited by articular cartilage degraded 
differentially. Especially when capturing complex phenom-
ena like swelling or compression, it may lack an adequate 
physical basis to describe the nonlinear behavior of articular 
cartilage.

Determination of appropriate hyperelastic constitutive 
model parameters requires comparing model predictions 
with experimental data. However, due to the substantial 
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deformations experienced by cartilages and the considerable 
variation in stress–strain behavior across between (healthy 
and degraded) state cartilage, it is challenging to establish 
a single strain energy density function that accurately cap-
tures the stress–strain relationship from any experiment 
(Kim et al. 2016). Another aspect to examine is the extent 
to which the suggested model parameters in this study can be 
applied. Although we achieved strong alignments between 
the hyperelastic material models and experimental findings, 
the parameter determination process relied solely on one 
form of experiment, the compression test. Certain hyper-
elastic models may prove to be less effective when data from 
a limited range of test types are available (Bidhendi et al. 
2020). The Ogden model exhibited an admirable proficiency 
in accommodating a broad spectrum of experimental data, 
but calibration based solely on a single type of experiment, 
such as compression, as in this study, led to significant pre-
diction errors in terms of stresses during FEA. Addition-
ally, obtaining material coefficients by averaging the model 
results fitted to individual data sets is not recommended as 
this approach is prone to yielding erroneous or non-physical 
outcomes (Robertson and Cook 2014).

While this study has significantly advanced our under-
standing of cartilage mechanics, a number of limitations 
are acknowledged herein. Our models assume isotropic 
and homogeneous properties of cartilage, simplifying the 
inherent complex, anisotropic, and heterogeneous nature 
of the actual tissue. This assumption is practical for avoid-
ing complexity in more realistic models or when detailed 
experimental conditions are impractical. Nonetheless, future 
works should incorporate anisotropic hyperelastic models 
and depth-dependent properties to better capture cartilage 
behavior, as demonstrated by previous researchers (Wilson 
et al. 2005; Li et al. 2000; Pierce et al. 2013). Spherical 
indenter was used in this study to produce uniform pres-
sure distribution throughout the thickness of the cartilage, 
thereby minimizing excessive fluid flow across the radial 
direction. This approach was chosen to mitigate incompress-
ibility, which tends to increase with higher fluid pressure 
under fast dynamic loading (Anderson et al. 2008; Ateshian 
et al. 2007). This effectively enhances the load-bearing 
capacity of the interstitial fluid, maintaining the validity of 
the incompressibility assumption during the early stages 
of loading (Park et al. 2003). However, we recognize that 
as loading duration increases, fluid exudation may occur 
slowly. To address the fluid effect, future work could incor-
porate poroelastic models to capture time-dependent fluid 
flow and tissue compressibility.

In conclusion, we have considered four best fitted phe-
nomenological hyperelastic constitutive models to com-
putationally (via FEA) investigate cartilage mechanics in 
healthy and degraded states. There is perhaps no general-
ized fundamental mathematical form of a hyperelastic model 

(strain-energy density function) that ensures a reasonable 
mechanical behavior in every possible situation (Ball and 
James 2002). Accordingly, it is reasonable to say that the 
second order reduced polynomial and van der Waals model 
are reasonably well validated with experimental stress–strain 
data. However, the van der Waals model is the preferred 
choice for enhanced precision. Furthermore, this research 
provides well-fitted material parameter models for conduct-
ing further computational analyses. Moreover, this study 
demonstrates how material parametric value evaluation 
can provide an insight into the degeneration of articular 
cartilage.
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